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A Theory of the Interday 
Variations in Volume, 
Variance, and Trading Costs 
in Securities Markets 

F. Douglas Foster 
S. Viswanathan 
Duke University 

In an adverse selection model of a securities mar- 
ket with one informed trader and several liquidity 
traders, we study the implications of the assump- 
tion that the informed trader has more informa- 
tion on Monday than on other days. We examine 
the interday variations in volume, variance, and 
adverse selection costs, and find that on Monday 
the trading costs and the variance ofprice changes 
are highest, and the volume is lower than on Tues- 
day. These effects are strongerforfirms with better 
public reporting and for firms with more discre- 
tionary liquidity trading. 

In a securities market in which there are differentially 
informed traders, market makers must cover their 
losses from transactions with informed traders by 
charging a spread from all traders. Bagehot (1971) 

Financial support from the Business Associates Fund, the Futures and Options 
Research Center at Duke University, and the UNISYS Fund is greatly appre- 
ciated. We thank the seminar participants at the AFA Meetings in New York 
City, Duke University/UNC-Chapel Hill, the EFA Meetings in Istanbul, Geor- 
gia Institute of Technology, MIT, the University of Minnesota, Northwestern 
University, The University of Wisconsin-Madison, and the Western Finance 
Meetings in San Diego. We are especially grateful for detailed comments 
from Michael Brennan (the Editor). We also received helpful comments 
from Kent Daniels, Jerome DeTemple, Michael Fishman, Campbell Harvey, 
Joel Hasbrouck, David Hirshleifer, Nancy Keeshan, M. Wayne Marr, Kevin 
McCardle, Robert Nau, Maureen O'Hara, George Oldfield, John Parsons, 
David Sappington, David Scharfstein, Tom Smith, and Robert Whaley. The 
detailed comments from the referee, Anat Admati, improved the article con- 
siderably. Address reprint requests to F. Douglas Foster, The Fuqua School 
of Business, Duke University, Durham, NC 27706. 

The Review of Financial Studies 1990 Volume 3, number 4, pp. 593-624 
? 1990 The Review of Financial Studies 0893-9454/90/$1.50 



The Review of Financial Studies / v 3 n 4 1990 

was the first to suggest that the bid-ask spread could be explained 
by this adverse selection faced by the marker maker, and formal mod- 
els of this phenomenon have been constructed by Glosten and Mil- 
grom (1985) and Kyle (1985). The practical importance of adverse 
selection has been confirmed by the empirical studies of Glosten and 
Harris (1988), Foster and Viswanathan (1990), and Stoll (1989), who 
attributes 43 percent of the quoted bid-ask spread to adverse selec- 
tion. 

In this article, we analyze the implications of adverse selection in 
securities markets for the intertemporal behavior of trading volume, 
trading costs, and price volatility, when there is periodic variation in 
the information advantage of an informed trader. We argue that, 
because the price is an important source of information for unin- 
formed liquidity traders, the informed trader has the greatest advan- 
tage when the market first opens; and, the longer the market is closed, 
the more significant is the advantage of the informed trader at the 
opening.1 In particular, the weekend closing of the market causes 
the information advantage to be greatest on Mondays. 

Our model is based on that of Kyle (1985), which incorporates a 
single informed trader, a competitive market maker, and a group of 
liquidity traders. We introduce repeated trading periods (days) into 
the continuous-time version of his model, and allow new information 
about the security to arrive every day. In our model, the private- 
information advantage of the informed trader is reduced through time 
by public information and the market maker's inferences from changes 
in the order flow. 

In Section 1 of the article, we consider an individual with monop- 
olistic access to information and show that, without public revelation, 
it is optimal for the individual to trade in such a way that the market 
depth or market maker's price response to new orders is the same 
and that prices are equally informative each day. When private infor- 
mation is to be publicly revealed at a later date, the informed indi- 
vidual must transact more intensely, causing the private information 
to be released more quickly. If, as we shall assume, private infor- 
mation is received throughout the week, while public information is 
received only on weekdays, the market maker's sensitivity to changes 
in the order flow decreases through the week. As a result, the variance 
of price changes also declines through the week. These results depend 
crucially on a lack of additional liquidity traders on Monday to offset 
the extra information from the weekend. These interday variations in 
variances and the market maker's actions, and their dependence on 
the quality of the public information, are the key results of this article. 

' The price effects of market closing are examined in Oldfield and Rogalski (1980). 
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In Section 2, we consider the effect of giving some liquidity traders 
discretion to delay their trades for one day without cost, so that they 
can avoid trading when the adverse selection problem is most severe. 
We show that without public information, the informed trader acts 
so as to keep constant the trading costs of these discretionary liquidity 
traders (the costs are proportional to the market depth or market 
maker's price response to new orders), rendering their delay tactics 
futile. However, when some information is revealed publicly, the 
informed trader's optimal strategy no longer equalizes the costs of 
trading for the liquidity traders through the week. While the equilib- 
rium trading pattern depends on the number of discretionary liquidity 
traders and the quality of public information, we show that there are 
always higher trading costs and lower volume on Monday relative to 
Tuesday. Because we allow the discretionary liquidity traders to post- 
pone their trades by only one day, we find that with precise public 
information, the equilibrium trading pattern has two days of concen- 
trated trading each week; with poor public information there is only 
one day of concentrated trading each week. Admati and Pfleiderer 
(1988) consider a model with many informed traders, in which all 
private information becomes public at the end of the trading session; 
they find, in contrast to our model, a single period of trade concen- 
tration. 

We examine some alternate specifications of the model in Section 
3 of the article, and present our conclusions in Section 4. All proofs 
are in the Appendix. 

1. The Basic Model 

1.1 Model description 
Consider a single asset that trades in a continuous auction market 
that is open five days a week and is closed on weekends and at night. 
The day of the week is denoted by d, where d = 1 is a Monday, so 
that the market is open on days 1 through 5. On each trading day, 
the market is open from time t = 0 to time t = 1. 

The first market participant is the market maker who observes the 
order flow and sets prices. The second is an informed trader who has 
private information about the asset's value.2 Finally, there are many 
liquidity traders who face liquidity shocks and trade at the market 
price when the shocks occur. All traders are assumed to be risk neu- 
tral. 

2 The assumption of a single informed trader is quite strong. However, variations with many informed 
traders (in a continuous auction or a discrete version with between-day shocks) are very compli- 
cated. 
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Information about the asset's payoff enters the model from a public 
source or from a private signal observed by the informed trader. Public 
information is available in two ways: first, at the close of trading each 
day there is a noisy signal of the asset's payoff; and, second, every 
calendar quarter the asset's payoff is announced at the end of the 
day's trading. Immediately after the quarterly announcement, the pay- 
off is distributed to the investors as a dividend. We refer to the joint 
event of the quarterly announcement and dividend as the quarterly 
report. We assume that the unconditional expected value of the asset's 
payoff is zero. 

Each day (before t = 0 on trading days) the informed trader receives 
a signal, Vd, of the asset's payoff next quarter. The expected value of 
the asset's payoff given all past information, including the private 
signal, is Vd. At the time of the quarterly report, there is no information 
asymmetry and the expected payoff for the next quarter is zero. Hence, 
Vd is also the liquidation value of the asset if the informed trader's 
knowledge were made public. Vd is given by 

Vd = Vd-1 + 'Ed (1) 

where Ed is independent and normally distributed with mean zero 
and variance r.A 

At the end of each trading day there is a noisy public signal of the 
value, Zd: 

Zd = Vd + 'Yd, 

(2) 

where 'Yd is the noise that distinguishes the public signal from the 
informed trader's valuation. Yd is an independent, normally distrib- 
uted shock with mean zero and variance o- 2. The daily signal is distinct 
from the quarterly report. 

Let xdt denote the holdings of the asset by the informed trader. 
Then the instantaneous market order (purchases or sales) is denoted 
by dxdt. We assume that just prior to the quarterly report, the informed 
trader places an order so that she does not hold any of the asset when 
the quarterly report is announced.4 

Liquidity traders enter the market continuously during the day and 
transact at the prevailing market price. Define their holdings of the 
asset by 1d,t Then the instantaneous net purchases or sales are de- 
noted by 

dld, t= o dw, (3) 

3This is the reduced form of a model in which the payoff next quarter is the sum of the daily shocks 
observed by the informed trader: vd, is the sum of past daily shocks, and Ed is the current shock. 

4At the instant the quarterly report is released, there is no information asymmetry and the informed 
trader is indifferent about closing her position. 
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where dw is a Wiener process and o1 is the instantaneous order sub- 
mission rate of liquidity traders. 

Finally, there is a market maker who observes the total instanta- 
neous order flow (dyd, = dxd,t + dld,t) and sets a price (Pd,t) so as to 
make zero expected economic rents. The market maker sees the sum 
of the orders each instant, not the individual components. Thus, the 
price is equal to the conditional expectation of the asset value given 
the observed order flow 

Pd,t = E[Vdl dyd,t, Od,t-], (4) 

where Qd,t- represents the market information just before the instant t. 

1.2. Equilibrium 
Following Kyle (1985), we solve for the Nash equilibrium in the 
game between the market maker and the informed trader, assuming 
linear strategies for the informed trader and the market maker.5 In 
this section, we present the equations of change for the model, derive 
the equilibrium trading for each day (Theorem 1), and show how the 
trading will evolve between days (Lemma 1 and Theorem 2). 

Suppose that the informed trader picks an order submission strategy 
of the form 

dXd,t 
= 3d,t(Vd - Pdt) dt, (5) 

where fd,t is the informed trader's intensity of trade. The informed 
trader's order submission is an increasing function of the difference 
between his assessment of the expected payoff and the current price. 

Given the linear strategy of the informed trader, the market maker 
observes the total order flow and awdjusts prices. Market efficiency (the 
zero profit condition) and the normality of the relevant variables imply 

dpd,t = Xdt dydt = Xdt(dXd,t+ dld t) X (6) 

where Xd,t is the sensitivity of the price to the order flow. 1/X1,t is a 
measure of market depth, because larger values of Xdt cause larger 
price adjustments for a given transaction size. The market maker 
learns from the net orders (dyd,t), so if the informed trader places 
large orders, the market maker learns about vd efficiently. 

Given the linear strategies of expressions (5) and (6), Hd,t, the 
cumulative profit to the informed trader, follows the process 

I Using a limiting argument, Kyle (1985) shows that if prices are assumed to be linear, then the 
optimal strategies of the informed trader will be linear and vice versa. 
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dlld,t = (Vd Pd,t) dXd,t 

= d,t(Vd - Pd,t)2 dt. (7) 

The informed trader's expected profits for the day can be writ- 
ten as 

E[llIQ|d,o] E[f fd,(vd Pd,) dt = 
EddO-J = f t dt, (8) 

where Id,t is the variance of the full information liquidation value 
(vd) around the price (Pd,t) on day d at time t. We denote 2d,o by 2d 

and Id,1 by Ad- 2d is a measure of the stock of information that the 
informed trader brings to the market at opening, and Ad is a measure 
of the residual information kept from the market by the informed 
trader at the close of trading. The difference 2d- Ad is a measure of 
the information released by the informed trader through her trans- 
actions on day d. The informed trader's stock of information changes 
from day to day according to 

Id+1 O2 + Ad Ad + (9) 

Equation (9) shows that the stock of information taken into day d + 1 
consists of the private shock seen by the informed trader plus any 
private information from the close of trading on day d, adjusted for 
the information revealed by the public signal in day d.6 

With this structure, we solve for the informed trader's optimal intra- 
day trading strategy and present it as Theorem 1. 

Theorem 1. Given the opening variance (rd) and the closing vari- 
ance (Ad), 

Xd,t= Xd (=~ A) 

(0 2 

2 (Id- Ad)) )/2 

Ad + (Td- Ad)((1 -t) 

2d,t= Ad + ( d- Ad) (1 - t) 

Xd + 
1 

2I 2Xd d-A) 

6 Kyle (1986) studies the effect of the public signal on the informed trader's strategy in an intraday 
model where public information arrives continuously through the day. 
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The sensitivity of the price to the orderflow (Xd) is constant through 
the day. 

Theorem 1 shows that the sensitivity of the price to the order flow 
(Xd) increases with the amount of information released by the informed 
trader (2d - Ad) and falls with the amount of liquidity trading (o I). 
From the expression for fd,t, we know that the informed trader trans- 
acts more intensely when there are more liquidity transactions to 
disguise her trades. Also, the expression for Ydt implies that the 
informed trader releases her information smoothly through the day. 
Finally, the informed trader's profit (lld) increases with the amount 
of liquidity trading and the amount of private information released 
through trading each day. 

Armed with this result, we consider how the informed trader trans- 
acts on different days of the week. More vigorous trade releases more 
information on that day, which lowers subsequent trading profits, 
while the public information release causes the private information 
to depreciate between days. As a result, the informed trader will not 
carry information forward unless it can be used more effectively in 
future trading. By computing the trading profits on different days, we 
characterize the informed trader's actions and the market depth dur- 
ing the week. Lemma 1 shows that the informed trader will avoid days 
when the market maker is more sensitive to changes in the order 
flow. Theorem 2 uses Lemma 1 to derive the interday differences in 
the amount of information released through trading and market depth 
(allowing for the existence of the quarterly report on some weeks). 
In the remainder of this section, we discuss Lemma 1, then introduce 
Theorem 2 and prove the theorem by construction. Finally, we derive 
the interday patterns in market depth and price informativeness when 
the daily public signal is noninformative (x 2 = 0). 

To determine her optimal trading strategy, and hence the amount 
of information that will be released through trading, the informed 
trader compares her profit across days. Her total profit for day d and 
day d + 1 is 

Xd 1 Xd+l1 
-Id + Hd+ 1 2' If + 2A( A 

2 2Xd 
(d 

d)+2 
I 

1 
+ (1d+1 

- Ad+l). (10) 

2Xd+1 

Given the initial information stock (rd), and the amount of infor- 
mation kept at the end of the next day's trading (Ad+l), the informed 
trader chooses the amount of information to be carried forward to 
tomorrow (Ad). Using (9), the first-order condition for an interior 
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maximum of (10) is 

+ ~~(7 = 0. (11) 
Xd Xd+1 (o- 2+ Ad )2 

The second-order condition is 

-2~ 1 < 0. (12) 
Xd+l (o- + Ad )3 

We use expression (11) to solve for the informed trader's optimal 
trading strategy for the week. 

Lemma 1. For days d and d+ 1, with no quarterly report, 'fAd < Xd+l, 
then Ad = 0. If Xd > Xd+j andy- 2 0 O, then Ad > ? 

Lemma 1 states that if the market maker is more sensitive to changes 
in the order flow tomorrow, then the informed trader reveals all of 
her information through trading today. If the market maker is less 
sensitive to changes in the order flow tomorrow, then the informed 
trader reserves some of her information for trading tomorrow. Excep- 
tions occur when public information is a perfect substitute for the 
informed trader's information. 

Intuitively, one might expect the market maker to be more sensitive 
to changes in the order flow on Monday than on Friday, because the 
additional information shocks from the weekend give the informed 
trader a greater advantage on Monday. If the market maker is more 
sensitive to changes in the order flow on Monday, then Lemma 1 tells 
us that the informed trader will not carry information from Friday to 
Monday. It is this pattern induced by the weekend break that allows 
us to determine interday patterns in market depth and the informa- 
tiveness of prices. 

Theorem 2. When 0 < < 00, andfor weeks without a quarterly 
report, the unique equilibrium has 

1 A1 > 22 - A2 > -3 3 > 2 4 4 > -5 5 > e 

X1 > 2 > 3> X4 >X 

A5= 0. 

For weeks with a quarterly report on day d the unique equili- 
brium has 
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1- Al 

> 
..>d 

Ad > 

2d+l 

Ad+l 
-5 A5 , 

Xl > > Xd > Xd+1 = X5, 

2;1 3o 3?eI 

Ad= Ad+ 1 A5 = 0. 

Theorem 2 says that in the absence of a quarterly report, the amount 
of information released through trading and the market maker's price 
sensitivity parameter (Xd) decline monotonically over the week. For 
weeks with a quarterly report, more information is released through 
trading prior to the report. In this case, prices are more sensitive to 
the order flow prior to the quarterly report, and prices are less sensitive 
to the order flow after the quarterly report. 

Assume that all information is exhausted by Friday close every week 
(A5 = 0). Next, suppose that Ad = 0 for all days. Then Theorem 1 
implies that Xi = (3v2/v)1/2 and X2 = (E2/)1/2. However, by Lemma 
1 this implies A1 > 0, which is a contradiction. Thus, it pays the 
informed trader to carry some of her information from Monday to 
Tuesday, because the market is deeper and yields higher expected 
trading profits on Tuesday. A similar argument holds for other days 
of the week. 

Now consider the informed trader's decision on Thursday. We know 
that some information is carried forward to Thursday (24 > r-2) and 
that the first-order condition is 

_1 + 1 ( a 2=-0. (13) 
X4 X5 r A4) 

Substitute the expressions for X4 amd XA from Theorem 1 into expres- 
sion (13): 

- A4) +. (A4 2)2=0. (14) 

If the information is exhausted on Thursday (A4 = 0), then the left- 
hand side of expression (14) is positive. If no trades are made by the 
informed trader on Thursday (A4 = 24), then the left-hand side of 
equation (14) is infinitely negative. Because the left-hand side of 
expression (14) is decreasing in information withheld on Thursday 
(A4), a unique solution exists. Also, as more information is carried 
into Thursday (24 increases), only a portion of it is withheld from 
trading (both A4 and 4 - A4 increase). Finally, more information is 
released through trading on Thursday than on Friday, so the price is 
more sensitive to the order flow on Thursday (i.e., 4 - A4 > 25, 
which implies X4 > X5). 
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Continue the construction for the remaining days of the week, using 
the first-order condition from expression (11). By induction, we find 

X1 > X2 > X3 > X4 > X5 . (15) 

Because X5 < Xl, the assumption A5 = 0 is verified and Theorem 2 is 
proved. 

Finally, it is interesting to consider the case of a useless daily public 
signal (a2 = 00). In weeks without a quarterly report, the first-order 
condition for the informed trader is 

+ 1 =0. (16) 
Xd Xd+1 

The optimal solution has the same price sensitivity to the order flow 
each day, 

Xd (5v 1) X(17) 

and the informed trader transacts so that she releases the same amount 
of information each day (dd- Ad is the same every day). 

In weeks with a quarterly report on day d, the informed trader 
exhausts her information through trading on day d because it will be 
useless after the quarterly report, so Ad = 0. For the remainder of the 
week there is the same amount of new information available each 
day, so the informed trader will equate the trading cost and release 
the same amount of information through trading on the remaining 
days (Xd+ 1 = = X5 and d+ 1 - Ad+ 1 -5 5 = r).- 

1.3. Variance implications 
In order to analyze the patterns in the variance of price changes, 
define the interday change in closing prices from day d to day 
d + 1 as 

rd,d+1 
= 

Pd+1,1 
- 

Pd, 1 (18) 

It is understood that if d = 5, then d + 1 = 1, the next Monday. The 
intraday variance of price changes for day d + 1 is [using expression 
(9)] 

dd+1 d+1 f 0e2 + A d d+1 (19) 

Equation (19) states that the information released through trading 
each day is given by the total stock of information at the beginning 
of the day (the new private signal plus the information from the prior 
day after the public signal has been observed) less the stock of infor- 
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mation kept at the close of trading. From this expression, the interday 
variance of price change from day d to d + 1 is 

Var(r Ad 
A=0 +A-A (0 

d,d+l) = 
+ A d + 1d+1 

- 
Ad+l = 1 T + Ad - Ad+ (20) 

The right-hand side of Equation (20) is a measure of the information 
released from day d through day d + 1 by trading on day d + 1 and 
from the public signal after the close on day d. It shows that the 
information released through trading is given by the private signal 
plus the change in the stock of information held at the close of the 
day. The interday patterns in the variance of the changes in closing 
prices are listed in Theorem 3. 

Theorem 3. If the public signal is imperfectly informative (o < of 2 < 

oo), and there is no quarterly report during the week, then 

Var(r51) > Var(rl,2) > Var(r2,3) > Var(r3,4) > Var(r4,5) 

and 

Var(r5,1) < 3 Var(rd,d?l) for d = 1, 2, 3, 4. 

If the public signal is uninformative (r 2 = c0), then 

Var(r5,1) = Var(rdd?l), for d = 1, 2, 3, 4. 

Theorem 3 states that when the public signal is useless, the variance 
of price changes is the same on all days. The reason for this is that 
if the information does not depreciate overnight, it pays for the 
informed trader to carry the information forward until the cost of 
exploiting the information is the same across days. Remember that 
the trading costs are related to the sensitivity of price to order flow 
(Xd), and that, from Theorem 1, Xd is a constant, and therefore the 
information revealed through trading each day (2d - Ad) is constant. 
However, with an informative public signal, the informed trader's 
information depreciates each day. Thus, the informed trader will carry 
forward her information only if price sensitivity to order flow is lower 
the next day (Xd+l < Xd). From Theorem 1, this implies that the 
variance of price changes falls through the week, and Monday has a 
larger variance of price changes than other days. Interday differences 
in the variance of price changes can be interpreted as a statement 
about the strength of the public reporting in the market. 

French and Roll (1986) observe that the variance of returns from 
Friday close to Monday close is less than three times the variance of 
returns from Monday close to Tuesday close. The ratio of the two- 
day weekend to weekday returns variance is 1.107 (see their table 1). 
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Table 1 
A list of numerical solutions for the French and Roll (1986) ratio and the proportion of 
total information not released on Monday (A,1/,) without discretionaryr liquidity trading 

a2 French-Roll ratio 

0.05 2.9393 0.0052 
0.10 2.8830 0.0102 
0.50 2.5455 0.0452 
1.00 2.2812 0.0804 
2.00 1.9728 0.1338 
3.00 1.7924 0.1738 
4.00 1.6717 0.2055 
5.00 1.5843 0.2314 
6.00 1.5179 0.2532 
7.00 1.4654 0.2719 
8.00 1.4227 0.2881 
9.00 1.3874 0.3023 

10.00 1.3576 0.3149 
15.00 1.2584 0.3612 
20.00 1.2024 0.3911 

Parameter values of U2 = 1.00 (daily information shock) and a = 1.00 (variance from liquidity 
traders' orders) are used. The variance of the public information signal observed each trading day 
is denoted by ry. 

They note that such a small ratio may result from the actions of 
privately informed traders. Our model is a rigorous version of their 
private-information hypothesis, and its predictions are consistent with 
their evidence.7 

French and Roll (1986) use proportional returns to compute their 
ratios, whereas our model simply uses price changes. Foster and 
Viswanathan (1990) compute the French and Roll (1986) ratio using 
the variance of common stock price changes on the New York Stock 
Exchange in 1986. They show that while the ratio (in price changes 
or returns) can be sensitive to the time period considered, there are 
no significant differences in the estimates from the use of returns 
versus price changes. 

In order to determine the parameter values that are needed to yield 
results that are consistent with the variance ratio observed by French 
and Roll (1986), Table 1 provides numerical solutions to the model 
for various values of the relative noise of the daily public signal ( o2/ 

a2).8 The ratio r- 2/o- 2needs to be 20.00 to generate a French and Roll 
(1986) ratio of 1.2024. At this value, the informed trader carries 39 
percent of her information over from Monday to Tuesday. For small 

7French and Roll (1986, p. 10) realize the importance of this carry-forward effect for the private 
information hypothesis: ". . . the private information hypothesis says that the variance pattern we 
observe occurs ... because informed investors usually trade when the exchange is open and they 
trade on their information for more than one day." 

8 The ratio -2/e- measures the noise to signal in the model and is the only relevant free parameter 
in the model [this can be shown from Equations (9) and (11)]. 
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firms, this may be a plausible value; for larger firms, it may be less 
reasonable. 

Finally, when the public information is less precise, the variance 
of price changes on Monday decreases and the variance of price 
changes increases on days later in the week. 

Theorem 4. Suppose C2a > a 2b, that is, the precision of the public 
information increases from one environment to another. For the 
equilibria corresponding to these two parameter values, 

2la - Ala - -lb Alb' 

2;5a >_25b X 

with a strict inequality in weeks without a quarterly report. Also, the 
informed trader has higher profits with a 2 

2. The Model with Discretionary Liquidity Traders 

In this section, we examine the implications of allowing discretionary 
liquidity trading.9 The analysis is organized as follows. First, we com- 
pute expected net trading costs for the discretionary liquidity traders. 
Then, we determine a method for selecting the equilibrium trading 
pattern of the discretionary liquidity traders. This allows us to relate 
the actions of the discretionary liquidity traders to the quality of the 
daily public signal. We find that there are two days of concentrated 
trading when the public information is accurate (Theorem 5), and- 
one day of concentrated trading when the public information is poor 
(Theorem 6). In Theorem 7 we show that discretionary liquidity 
traders will not trade on Monday if there is an informative daily public 
signal. Theorem 8 shows that the actions of the discretionary liquidity 
traders will determine the interday differences in trading volume. In 
addition, we provide numerical solutions to the model and examine 
the French and Roll (1986) ratio when there is discretionary liquidity 
trading. 

2.1. Model description 
In Section 1, liquidity traders did not recognize the informed trader's 
actions and simply traded when they experienced a liquidity shock. 
In practice, however, we expect that some liquidity traders will avoid 
days when the market maker is more sensitive to changes in the order 
flow. Admati and Pfleiderer (1988) show that discretionary liquidity 

9 Admati and Pfleiderer (1988) also consider the implications of discretionary liquidity trading, but 
in their model private information cannot be carried over from day to day. 
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traders move to a single period, resulting in one period of concen- 
trated trading. 

We allow discretionary liquidity traders to postpone their trades 
without cost by one calendar day, so that trades may be postponed 
within the week, but not over the weekend. Each discretionary liquid- 
ity trader is assumed to enter the market once a week, and must choose 
immediately whether to trade at the current time or trade the next 
day at the same time.10 For simplicity, we assume that all discretionary 
liquidity traders follow the same rule each day: either all shift or all 
stay. To further simplify our analysis, we assume that the quarterly 
report is made at the close of trading on a Friday. 

Denote discretionary liquidity traders by the subscript c, and non- 
discretionary liquidity traders by the subscript n. At each instant of 
time there is a nondiscretionary liquidity trader with an order of 
Un dnd,t and a discretionary liquidity trader with an order of ac dcd,t. 

We assume that instantaneous-order submission rates are indepen- 
dent. 

If a discretionary liquidity trader whose instantaneous order is oc 
dcd,t trades on day d, the net expected trading cost is 

-E[(Vd - Pdt - dpd,t)Cr dcdt I Qd,t, dcdt] 

=E[dPd,t ?c dcdt I Qd,,- dcdt] = Xd c(dcd,). (21) 

Similarly, the discretionary liquidity trader's cost of trading at day 
d + 1 is Xd+lcT 2(dcd,t)2. Because the discretionary liquidity trader's costs 
are proportional to Xd, he compares Xd and Xd+j and trades on the day 
when the market maker is less sensitive to changes in the order flow.1" 

Costs to discretionary liquidity traders depend on the instantaneous 
variance of discretionary liquidity orders on day d, which we denote 
as a2 c ( = 2 c= 2 2 -2 or 2 = 0). The value of C2 c depends 
on whether discretionary liquidity traders shift their trades from day 
d - 1 to day d, and whether discretionary liquidity traders on day d 
stay or move to day d + 1. We represent the instantaneous variance 
of all liquidity orders on day d as U2c This value could be U2 = 
22c + 2 2, a2 = 2c + 2 2, or 2 = c, depending on the trading choices 
of discretionary liquidity traders on days d and d - 1. 

10 The assumption of a maximum of one-calendar-day delay is ad hoc. Because we are not determining 
the reason for trade from primitive considerations, any assumption we make is tenuous. The basic 
intuition that follows does not depend on the number of days of delay allowed. 

11 This particular formulation assumes the independence of all liquidity trades. Admati and Pfleiderer 
(1988) analyze the implications of relaxing this assumption. 
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Table 2 
Allowable trading patterns for discretionary liquidity traders 

Reference Equilibrium 
no. Monday Tuesday Wednesday Thursday Friday status 

1 1 1 1 1 1 I 
2 1 1 1 0 2 I 
3 1 1 0 2 1 I 
4 1 1 0 1 2 I 
5 1 0 2 1 1 D 
6 1 0 1 2 1 D 
7 1 0 1 1 2 D 
8 1 0 2 0 2 D 
9 0 2 1 1 1 D 

10 0 1 2 1 1 D 
11 0 1 1 2 1 E 
12 0 1 1 1 2 E 
13 0 2 1 0 2 E 
14 0 1 2 0 2 E 
15 0 2 0 2 1 E 
16 0 2 0 1 2 E 

Entries in the table are the relative instantaneous order submission rates of discretionary liquidity 
trading, where the value on an average day is unity. The column titled "Equilibrium status" lists 
whether the trading pattern is infeasible for a Nash equilibrium (I), dominated by another equi- 
librium trading pattern (D), or can be an equilibrium trading pattern (E). This determination is 
derived in Theorem 7. 

2.2 Equilibria 
In our model, a Nash equilibrium is a set of trading rules that is 
optimal for each trader when they take the others' best rule as given.12 
We focus on Nash equilibria that are symmetric among discretionary 
liquidity traders. Because discretionary liquidity traders can trade 
immediately or postpone their transaction, they have two choices on 
each of four days, so there are 24, or 16, possible trading patterns 
(these are listed in Table 2). In this model, there may be more than 
one symmetric Nash equilibrium, so we develop a method for choos- 
ing among the possible Nash equilibria trading patterns. 

Before we discuss equilibrium trading by discretionary liquidity 
traders in detail, there are some straightforward results worth noting. 
First, if the daily public information is informative (af 2 oo), a con- 
stant level of orders from discretionary liquidity traders through the 
week is not a Nash equilibrium, because trading costs would decrease 
through the week, creating an incentive to delay trades. Second, if 
the public signal is useless (af = oo), then discretionary liquidity 
trading is futile. As in Section 1, the informed trader transacts so that 
information is released in proportion to liquidity orders submitted, 
which equalizes trading costs through the week. Thus, the decay of 

12 More specifically, a Nash equilibrium provides a rule by which discretionary liquidity traders decide 
whether to delay their trade each day, a selection by the informed trader of how much information 
she will reveal through trading each day, and a price adjustment rule for the market maker. 
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information through public reporting is a necessary condition for 
discretionary liquidity traders to be able to reduce their trading costs 
below those of nondiscretionary liquidity traders. 

If there is more than one Nash equilibrium, we select the equilib- 
rium trading pattern that is efficient among discretionary liquidity 
traders. If we define W as the set of equilibrium trading patterns, then 
an efficient equilibrium solves 

5 

min z Xd odc, (22) 
wEW d=1 

An efficient equilibrium for a given set of model parameters must 
first eliminate trading patterns that cannot support a Nash equilibrium. 
Such patterns require discretionary liquidity traders to shift their trades 
in a manner that is inconsistent with the actions of the informed 
trader. From the remaining trading patterns, we choose the efficient 
trading patterns that are Nash equilibria and have the lowest costs 
for discretionary liquidity traders for the week, but these equilibria 
may not be unique. 

To describe the efficient equilibrium trading patterns, we charac- 
terize the efficient equilibria for precise public information in The- 
orem 5, and the equilibrium for noisy (but useful) public information 
in Theorem 6. In Theorem 7, we show that efficient equilibrium 
trading patterns have no discretionary liquidity trading on Monday. 

Theorems 5 and 6 show that the precision of the public information 
is a critical determinant of the equilibrium trading pattern. For accu- 
rate public information and the ability to delay trades by one day, the 
discretionary liquidity traders will find it optimal to cluster their trades 
on two separate days of the week, and they will not trade on Monday. 
That is, they move away from Monday, yet because the public infor- 
mation is very valuable, they pool their trades before the end of the 
week. In fact, with the ability to delay their transactions by one day, 
they find it optimal to pool their trades on two days of the week. For 
poor public information, the discretionary liquidity traders will not 
trade on Monday, and they only pool their trades on Friday. 

Theorem 5. There exists a bound, 6, such that for all o2 < 6, any 
efficient equilibrium has 

(i) C 2 = a 2; and 
(ii) at least two days out of Tuesday, Wednesday, Thursday, and 

Friday haved= d + 2 C. 

Theorem 5 shows that, when the informed trader's information and 
public information are close substitutes, there are two days with con- 
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centrated trading each week, because the informed trader is less able 
to shift trades and it pays the liquidity traders to group together. 

Under the conditions of Theorem 6, the informed trader is relatively 
free to alter her trading pattern, so a concentration of discretionary 
liquidity traders only occurs on Friday. 

Theorem 6. There exists a bound v such thatfor all U2 > v, the unique 
Nash equilibrium has 

U2 U2 
CT1 CTn) 

U= (22 
+ 

(T 2 for d= 2, 3, 4, 

~2 2 + 2c2 U5 a7n + CT2. 

With noisy public information, the informed trader has greater incen- 
tives to carry her information forward, requiring Xd > Xd+1, for d = 1, 
2, 3, 4, and yielding concentrated trading on Friday and no discre- 
tionary liquidity trading on Monday. 

Theorem 7 demonstrates that when the daily public information is 
useful, an efficient equilibrium trading pattern has Monday discre- 
tionary liquidity traders moving to Tuesday. Intuitively, this shift occurs 
because there is more private information on Monday, making trading 
on Monday more expensive. 

Theorem 7. Of the 16 trading patterns listed in Table 2, 10 are not 
equilibrium trading patterns or are dominated trading patterns. The 
six remaining trading patterns have Monday liquidity orders lower 
than Tuesday liquidity orders. Four of these trading patterns are 
double peaked (i.e., they have two days with concentrated discre- 
tionary liquidity trading), whereas two are single peaked. The Mon- 
day trading costs are the highest of the week for these six remaining 
trading patterns. 

While Theorem 7 does not identify a particular equilibrium trading 
pattern, efficient trading patterns are those without discretionary 
liquidity trading on Monday. 

2.3. Volume implications 
In this section, we define trading volume and investigate how it 
changes with the model's parameters. In contrast to Admati and Pflei- 
derer (1988), we show that volume need not be high when the vari- 
ance of price changes is high. 

We use Admati and Pfleiderer's (1988) definition of trading volume. 
Because we need to measure all trades submitted by the various 

609 



The Review of Financial Studies/ v 3 n 4 1990 

groups, the volume is 

Total volume = minS Sd, S- t}, (23) 

where 

d, t = j S,d, d, t =d,t 

j Eli,l}I jE{i,} (24) 

sjdt 
= 

max{Sjdt, Oj,, S7dt= max{ Sjdt, O}, 

and sj,dt is the order submitted by the jth group of traders at time t 
on day d. For liquidity traders Sl,t = ad dwdt, and for the informed 
trader sid,t = dxd,t. 

The total volume consists of half the absolute value of orders from 
the informed and liquidity traders plus the orders not crossed between 
the informed and liquidity traders that are taken by the market maker: 

Total volume at day d, time t = - I |Sj,,J + - 1 
j, sjdt (25) 

2jE ,} 2 j El i, 

In this continuous-time model, liquidity orders arrive at each instant 
according to a Wiener process. Thus, the expected volume from the 
liquidity traders over any time interval is infinite and liquidity-order 
submission swamps informed-order submission. The informed trad- 
er's volume, while small, is driven by the discretionary traders' orders; 
when the discretionary liquidity traders submit more orders, the 
informed trader submits more orders. To avoid the problem of infinite 
expected trading volume for an interval of time, we scale the volume 
at each instant by a constant, the expected nondiscretionary liquidity 
volume at each instant of time, (2/\ 2r)CTn\1Vdt. Theorem 8 lists the 
interday volume differences with this scaling. 

Theorem 8. For any of the equilibrium trading patterns of Theorem 
7, if a 

2 
< (>) a 2+ 1, then 

Expected informed volume on day d, time t 
< (>) Expected informed volume on day d + 1, time t; 

and 
Expected total scaled volume on day d, time t 

< (>) Expected total scaled volume on day d + 1, time t. 

It follows that for any of the equilibrium trading patterns of The- 
orem 7, the scaled volume is the lowest on Monday. When the public 
information is very precise (low a 2), the informed trader trades so 
that the volatility of price changes on Monday is high. This is the 
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opposite of Admati and Pfleiderer's (1988) model: they suggest that 
trading volume and the variance of price changes move together. 

2.4. Numerical solutions 
To illustrate the implications of the model, we solve it numerically 
for a variety of parameter values and compare the results to those of 
Table 1. The parameters of the model are CT 2, 2 2, and C 2; only the 
relative noise of the daily public signal (C//oT) and the portion of 
liquidity traders that is discretionary (aT /CT ) are important in com- 
puting the equilibrium trading costs, volumes, and variances (they 
determine Ad/a 2). We fix a 2 at unity and vary the remaining two 
parameters_C 2 from 0 to 6 in unit intervals and C2/C 2 from 0 to 1 in 
intervals of 0.2 while keeping the total amount of liquidity trading 
constant at unity (i.e., C + n = 1.00)13 

We calculate efficient equilibria for each of the various parameter 
values. With poor public information and few discretionary traders, 
trading pattern 12 of Table 2 (0, 1, 1, 1, 2) is the efficient equilibrium.14 
With precise information and many discretionary traders, trading pat- 
tern 14 of Table 2, (0, 1, 2, 0, 2), is chosen. 

Figure 1 presents the French and Roll (1986) ratio as a function of 
the strength of the public signal (C2/C 2) and the relative number of 
discretionary liquidity traders ( f/CT 2) . For low U2 2 the French and 
Roll (1986) ratio is high, because public information is a good sub- 
stitute for private information. The most interesting aspect of Figure 
1 is the dramatic reduction in the French and Roll (1986) ratio when 
discretionary liquidity traders are included. For example, when C 2 

= 1.00 and CT/CT = 4.00, the ratio drops to 1.1375. In Table 1 
(without discretionary liquidity traders) the ratio did not fall to this 
level even with 2/C 2 = 20.00. 

3. Alternative Specifications 

In this section, we report numerical solutions of other specifications 
of the model. We alter the distribution of liquidity traders over trading 
days and reduce the amount of information accumulated over the 
weekend. For each of these trading scenarios, the basic results of 
Section 2 are unchanged. 

13 As both parameter ratios become close to zero, the first-order condition behaves poorly. Hence, 
for all of our calculations, we start at 0.0001 (close to zero) and use the increments described 
above. 

14 The (0, 1, 1, 1, 2) notation is a representation of discretionary liquidity orders on each day of the 
week. A 0 indicates no discretionary liquidity trading; a 2 indicates that discretionary liquidity 
traders from the prior day have shifted their trades ahead, and that the current discretionary liquidity 
traders are not postponing their trades. 
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Figure 1 
French and Roll (1986) Ratio 
The plot illustrates that the French and Roll (1986) ratio (RATIO is the variance of Friday close 
to Monday close price changes divided by the variance of the Monday close to Tuesday close price 
changes) is sensitive to the quality of the daily public information (PUBSIG is oer/ca) and the 
amount of discretionary liquidity trading (DIS is o/eJ2). A large number of discretionary liquidity 
traders and a poor daily public signal dramatically lowers the French and Roll (1986) ratio. 

3.1. Initial distribution of liquidity traders 
Interday variations in volume, costs, and variance depend, in part, on 
the arrival rate of liquidity traders. In this section, we consider equal 
arrival rates of liquidity traders and private information. Because we 
have assumed that the private information continues to arrive on the 
weekend and that there is no trading or public information made 
available at this time, there is an accumulation of three days of private 
information at the Monday open. Here, we assume that the liquidity 
needs of the uninformed traders follow the same schedule on the 
weekend as during the week, which results in liquidity orders on 
Monday at three times the rate of other days of the week (a 2= 3u 2). 

Without discretionary liquidity trading, the informed trader will release 
three times the information through trading on Monday; hence, the 
cost of trading is constant through the week, and the French and Roll 
(1986) ratio is 3.0, irrespective of the quality of the public informa- 
tion. 

If we allow discretionary trading by a portion of the liquidity traders, 
introduction of three times as many liquidity traders on Monday as 
on other days has a significant effect on the French and Roll (1986) 
ratio. We solve the model numerically for the same range of values 
of af 2/o 2and 2/U2 used in Section 2.4. With poor public information 
(a Y/CT= 6.00) and a large number of discretionary liquidity traders 
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(a 2/a 2= 1.00), the French and Roll (1986) ratio is much lower with 
the additional liquidity from the weekend (i.e., 0.4708, whereas in 
Section 2.4 it is 0.9492). 

3.2. Private information accumulation over the weekend 
Private information need not accumulate over the weekend at three 
times the weekday rate. Apart from agricultural commodities for which 
the weather plays a role, there seems to be no reason to exclude other 
accumulation rates. For the key results of our model, more infor- 
mation must accumulate over the weekend than on a weekday. 

We repeat the calculations of Section 2.4 with a weekend infor- 
mation shock that is twice as large as the weekday shock. With a 
perfect daily public signal and no discretionary liquidity traders, a2/ 

a2 = 0.00 and a2/ra = 0.00, the French and Roll (1986) ratio is 2.00. 
Reducing the quality of the public information, so that U2/U2 = 6.00 
and a 2/rf = 0.00, gives a French and Roll (1986) ratio of 1.2761. 
Finally, an increase in the number of discretionary liquidity traders 
to T/C2 = 6.00 and cT n= 1.00 gives a ratio of 0.7953. 

By lowering the amount of information released over the weekend, 
the French and Roll (1986) ratio drops. However, the extent of the 
drop (the relative informativeness of Monday prices) is still strongly 
affected by the number of discretionary liquidity traders. 

4. Summary 

In this article, a model of weekly trading patterns in which differ- 
entially informed traders behave strategically is presented. First, we 
exclude discretionary trading by liquidity traders, assume that the 
informed trader receives information each weekday, and find that the 
informed trader has a greater advantage on Mondays. We also show 
that the informed trader's profits are affected by the quality of the 
daily public signal. Without public information, the informed trader 
carries information from Monday to other days, so that the sensitivity 
of the price to the order flow is the same every day. When there is 
an informative daily public signal, which causes the private infor- 
mation to depreciate overnight, the informed trader does not carry 
as much information across days; hence, more information is released 
through trading early in the week, and prices are less sensitive to 
changes in the order flow later in the week. 

Second, we allow some liquidity traders to delay their trade without 
cost for one day, and vary the quality of the public information. In 
the absence of public information, we find that delay tactics by dis- 
cretionary liquidity traders are futile, because the informed trader 
acts to ensure that trading costs are constant across days. With a highly 
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informative public signal, the presence of discretionary liquidity trad- 
ers yields an efficient equilibrium with two days of concentrated trad- 
ing each week. With less valuable public information, Friday is the 
only day with concentrated trading. 

The implications of the model are that trading costs are highest on 
Monday and trading volume is low on Monday.15 Because the strength 
of these effects depends on the quality of the public information, we 
expect that the changes in the interday volume, trading costs, and 
the variance of price changes will be strongest for actively traded, 
high-profile firms. In addition, because more discretionary liquidity 
trading accentuates the interday variations, the volume effects should 
be more pronounced for block trades (since block traders are more 
likely to be sophisticated in their trading).16 

Appendix 

Proof of Theorem 1 
Given 2d, Ad, and the market maker's trading sensitivity Xdt, the 
informed trader maximizes 

1r 
max E dlldt I do- 

s.t. 1, t = -2Xd,tfdtld,t + (Xd,t)21 (Al) 

where d ,t is the time derivative of 2d,t. The constraint comes from 
evaluating 2dt+dt and Id,t, taking their difference, and letting dt - 0. 
We simplify the objective function to 

E[ dHdt I QdO- E[ Od,t(vd - Pdt)2 dt I Qdoj 

= E[d,t(Vd Pdt)2 I Qdo_] dt 

= ? HvOt2d dt. (A2) 

15Jain and Joh (1988) and Foster and Viswanathan (1990) show that for NYSE stocks, the Monday 
volume is lower than other days of the week. Also, Barclay, Warner, and Litzenberger (1988) show 
that for Japanese stocks, daily volume is low if the market had recently been closed (they consider 
the effects of Saturday trading on the Tokyo exchange). They note that their evidence on volume 
and variance is consistent with the private-information hypothesis. 

16 Both of these implications are examined and confirmed in Foster and Viswanathan (1990). 
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Similarly, given the informed trader's trading rule fd,t, the market 
maker sets Xdt = 1d.tzd,t/l 

We show that only a constant Xd,t is possible in a Nash equilibrium.17 
To do this, we first argue (by contradiction) that Xd,t must be strictly 
positive for a Nash equilibrium. This implies that Od,t is strictly pos- 
itive. Next, we prove that these two conditions are sufficient to ensure 
that zd,t > 0 for a Nash equilibrium. Then we show that among all 
Lebesgue measurable functions, only a constant Xd,t can occur in a 
Nash equilibrium. Having done this, we solve for 3dt, which com- 
pletes the proof. 

If Xdt is negative or zero over a set of positive measure on [0, 1], 
then the informed trader sets d3t to be infinite in this region, and 
receives infinite trading profits. However, the market efficiency con- 
dition requires that a positive fd,t occurs with a positive Xd,t, which is 
a contradiction. Hence, Xd,t must be strictly positive in a Nash equi- 
librium. 

Next, any Xd,t consistent with a Nash equilibrium must ensure that 
the optimal strategy for the informed trader has a strictly positive ddt 

and a strictly negative z 't. The strictly positive 3dt follows from Xd,t 

> 0 and the market efficiency condition. We prove that zd,t < 0 by 
contradiction. Suppose that 2 d 0. Using the constraint in expres- 
sion (Al) and knowing that 3d,t > 0 results in 

O<f3 ~d,t?dtlI (A3) 
0 < Od t - <(3 

From the market efficiency condition we know that the last term 
in (A3) is fd,t/2. This substitution into expression (A3) yields 1 < 

2 which is a contradiction. 
Because the informed trader determines fd,t, Equation (Al) implies 

that she determines z 't. Hence, we can view z ,t as the control vari- 
able and substitute for Od,tld,t from the constraint of (Al) into the 
objective function 

max F- (dt _dtT 
I dt. (A4) 

Ed,t JO 2Xd,t 2 

To show that Xd,t is constant, suppose that there is a Nash equilibrium 
with two time intervals in the day, A and B (of measure AA > 0 and 
gB > 0, respectively), where Xdt > X > Xdt, for all t EA and t' E B. 
We know that a Nash equilibrium must have z ,t < 0 for all t. We can 

17 We are grateful to Kent Daniels for suggesting this argument. 
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make the informed trader better off (relative to the Nash equilibrium) 
as follows. Set 't = zd,t for tOA and t 0B. For tEA, let 2 d,t = 0. For 
tE B, 

dAd, d,1 
d=t d J t B A (A5) 

This new strategy is feasible and 

A 2Xd t A 2X 

1 r 1td 

=-~~~F d,tdt 2XJ tEA 

= fEB -S (TEA ~d,t dt dt' 
t' EB 2A \tA gB 

EB 2X(t') \ d dt dt'. (A6) 

This series of inequalities uses the fact that in a Nash equilibrium 
the informed trader has at least one optimal strategy, where d,t is 
strictly negative. The inequalities imply that the informed trader has 
greater profits with the new strategy. Therefore, the optimal strategy 
must have z 't = 0 and fdt = 0 over the set A. The market maker would 
then set Xd,t = 0 in the set A, which contradicts our requirement that 
Xd,t be positive in A. Hence, the only Xdt consistent with a Nash equi- 
librium is a constant, which we call Xd. 

With Xd,t= Xd, the informed trader's objective function becomes 

2A [2d Ad] + 
Xd 

2 (A7) 

and any trading intensity (d,t) where 2 d,O= 2d and Id, = Ad is optimal. 
We use the market efficiency condition to choose the equilibrium 
trading intensity (Xd = 3d,t d,t/T / implies 3d,t 2d,t= XdT2) and substitute 
this into our expression for 2 djt 

d, t = Xd If1 A8 

and then integrate: 

2=dt =X2 at + k. (A9) 
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When t= 0, Td,O = Yd= k. When t= 1, 

Ad=2dl = XT d I + 2d (A10) 

or 

( 2 Ad) (Al 1) 
'I / 

By substitution we have 

2d,t -(d- Ad) t + 2d (rd- Ad)) (1 t) + Ad- (A12) 

We use the market efficiency condition to obtain 

adt Xd I I (Yd Ad) aI1 (A13) 
2;d,t (;d - Ad) (l t) + Ad(A) 

Proof of Lemma 1 
If Xd < Xd+l, then at Ad = 0, the left-hand side of expression (11) is 
negative. From the concavity of the objective function in Ad, Ad = 0 

is the optimal solution. 
If Xd > Xd+1, I 2# 0, then the first-order condition (11) is not satisfied 

at Ad = 0, so Ad > 0. If U2 = 0, the public information reveals the 
informed trader's information completely and Ad = ?U 

Proof of Theorem 2 
The proof of uniqueness uses an induction argument. Suppose two 
quarterly reports are in adjacent weeks. This corresponds to n = 1 of 
the induction argument. We label these as weeks 1 and 2. For this 
proof we use a pair of subscripts to denote the week and day. With 
this notation, A1,5 # 0 implies that 1,5 > X2,1 and 22,1 - A2,1 > 

2*J 
- 

A*,1 > ?,2 where the * superscript corresponds to the equilibrium 
with A15 = 0. Suppose day d is the reporting date in week 1. If d is 
the last day of the week when Ad = 0 (if not it is easy to amend the 
proof), then 2d+l - Ad+l > 1,5 - 1,5. This yields 1,5 < X2,1, which 
is a contradiction. 

Suppose the above is true for n weeks; that is, if the two reporting 
dates have n weekends between them, all these weekends satisfy Xk,5 

< Xk+1,1, k = 1, .. ., n. Consider the case where the two reporting 
dates have n + 1 weekends separating them. Now A1,5 > 0 implies 
that 15 > /2,1. Thus or2 > 21,d+ 1 -Al,d+l > > -,A1,5 where 
d is the reporting day in week 1. Either X2,1 > . . . > Xn+l,l or there is 
a (k, s) such that Xk,s < X k,s+1 If the second, the induction hypothesis 
proves the theorem [Ak,s = 0, which is equivalent to reporting on day 
(k, s)]. If the first, we use the fact that 2,1 

- 
A2,1 > . . . > 2 n+l,l 

- 

617 



The Review of Financial Studies/ v 3 n 4 1990 

An+l,l > U2 to contradict A1,5 > A2,1. Hence A1,5 < A2,1 and the induction 
hypothesis proves the same for the rest of the weekends (Ak,5 < Ak+ 1,1, 

for k= 2, ..., n). 

Proof of Theorem 3 
The facts that 

Al > A2 > A3 > A4 > A5, 

(A14) 
1 A1 > 2 - A2 > -A3 > Z - A4 > - A5 > 2 

suffice to ensure 

Var(rl,2) > Var(r2,3) > Var(r3,4) > Var( r4,5). (A15) 

To prove that dd- Ad > of, use an induction argument. Suppose 
Z4 > <f2 If A4 = - a<2 then 5 > U2 and A4 < A5; which is a 
contradiction. Therefore, ;4- A4 > -2 . By induction assume that this 
is true for any d + 1. Then if ,d > K2 Ad = d - U2 implies that Id?1 

> <By the induction hypothesis, d+?1 - Ad,l > <2. As a result, Ad 
< Ad+l, which is a contradiction. 

To compare dates 1 and 2, use the first-order condition from expres- 
sion (11): 

Var(r5,1) = - A1 

- (Ai~)4 C 2 - A2) > 1 + 4) (2 - A2) 

(Y2 - A2) + (4Al )( - A2) 

> (2 - A2) + (4Al)(1 ) 

> (2- A2) + 44i )=Var(rl,2) (A16) 

The bound on (T2 - A2) is proved as follows. Let 22 = o- + 6 and 
when U2 = oo, A2= 36/4. When < oo, A2 < 36/4. Thus, 22 -A2 > 

IE2 + 6/4 > 22/4 

To obtain French and Roll's (1986) results, note that when o2 = 0, 

Var(r5,l) = 3 . and Var(rdd+l) = c for d 7# 5. But if 1> 0, - Al 
<3c2 and 2d-Ad > r, for d # 5. As a result, 

Var(r5,1) < 3 Var(rd,d+l), for d= 1, 2, 3, 4. (A17) 
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This completes the proof of the proposition for the case 0 z # 0. When 
= 00, the proof of the theorem is obvious. o 

Proof of Theorem 4 
We consider only weeks without a quarterly report. Suppose 4 is 
fixed. If C2 > ab2 the first-order condition implies that 4a > A4b. 

Therefore 4 - A4 < 4 - A4b. Also A4 > A4b and iya > a b imply 
that zsa > sb. A4b is also a feasible trading pattern for C2a and it is 
more profitable for the informed trader with C 2 than with C 2. Hence, 
the informed trader's profits are larger with C2a* 

Assume that the above is true for d = 2. Let 11 be given. The first- 
order condition between dates 1 and 2 is 

2 Y21/ 2 4 

-Q ' A,) + ' A2) (A +2)2=0. (A18) 

By induction, and given 2, we have 22a - A2a < 22b - A2b and 25a > 

s5b. From the first-order condition we know Ala > A lb which implies 
1-A1 <- - A1 . Because A1 > Ai and a> 2 

2 we have 2a > 

22b Using the induction assumption and the fact that 5 is monotone 
inX2, 25a > 2sb. The statement on profits is left to the reader. o 

Proof of Theorem 5 
For a2 = 0 a trading pattern with C2 = C2 + C2 has X, = (3a2/(a2 + 

or2))1/2 If C2 = C2 + C2 then X2 = ('2/(Vf2 + a2))12 and A1 > A2, 

which is not a Nash equilibrium. 
If2 = n, then X2 = 

(E2/ )1/2, which may be a Nash equilibrium. 
We shift Monday's discretionary liquidity orders to Tuesday and use 
a - to denote values with the shifted orders, 

/o /2 /__or_2 
21 2 + or 

>2 =,2 + ac (A19) 

which is consistent with an equilibrium. On Wednesday, either 

A ( ' )1 or X3 = (Tr +2a'o) (A20) 

Therefore X3 ? X2, which is needed for Tuesday's discretionary liquid- 
ity traders to shift to Wednesday. The rest of the trading pattern is 
unaffected by the shift from Monday to Tuesday. For this new trading 
pattern, discretionary liquidity traders arriving on Monday are better 
off and other discretionary liquidity traders are better off or unaffected. 
Thus C2 = C2 + C2 is a dominated trading pattern, which completes 
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the proof of the first claim when a 
= 0. Since pooling discretionary 

liquidity traders reduces the cost from ./(f + c) to n/(? + 

2a 2), the second part of the proposition is also true. By the continuity 
of the equilibrium costs Xd in a 2 for any given distribution of liquidity 
orders, there is a bound 6 such that the proposition holds for 
(2 <6 

Proof of Theorem 6 
We prove that discretionary liquidity traders shift from Monday (i.e., 

= 1 =n) The remainder of the proof uses similar arguments. 
If U2 = U 2, + 2 2, then U2 = 0 2. For this to be an equilibrium trading 

pattern, 

( 23+ 2)? = Xl < 2 = (A21) 

Let Xd be the first day after Tuesday where Xd < X\d+l- Because on 
Friday, X5 < X (proved below), this is well-defined. Then, repeated 
use of the first-order condition implies 

X2 = Xd(1 + a)2 ) (1 + A2)(A22) 

Because Adl, ... , A2 are bounded numbers, as a 2 o0for any 6 > 
0, X2 < Xd + 6 eventually holds. Hence, for any 6 > 0, there is a large 
enough v(6) such that 

2 <( 2 j + (A23) 

for all a 2> V(b). By choosing 

6=(V2i- 1 
Or n +?c) 

we contradict X, < X2. As a result, the trading pattern cannot be a 
Nash equilibrium. We use similar arguments for the remaining days 
and let v be the maximum of the v(6) corresponding to each day. 

To show that X5 < X, for any trading pattern with U2 = U2 + U, 

there is one day of the week such that Xd < Xd+l If A5 = 0, it is easy 
to show that X5 < Xl. If A5 > 0, then 1 - A1 increases and ; - A5 

decreases, so X5 < X and A5 = 0, which is a contradiction. o 

Proof of Theorem 7 
For trading patterns 1, 2, 3, and 4 of Table 2, Monday discretionary 
liquidity traders stay on Monday, and Tuesday discretionary liquidity 
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traders stay on Tuesday. This implies 

(n + e2)? (5= +, > 2> (A24) 

which is inconsistent with a Nash equilibrium. 
There are four trading patterns where Wednesday discretionary 

liquidity traders stay on Wednesday, and Thursday discretionary 
liquidity traders stay on Thursday (trading patterns 1, 5, 9, and 10 in 
Table 2). We eliminated trading pattern 1 in the prior paragraph. 
Compare trading pattern 10 (0, 1, 2, 1, 1) with trading pattern 14 
(0, 1, 2, 0, 2). Trading pattern 10 is dominated by trading pattern 14, 
because discretionary liquidity traders arriving on Thursday are better 
off, while no other discretionary trader is worse off. Trading patterns 
5 and 9 are dominated by trading patterns 8 and 13, respectively. 

The three remaining trading patterns, where Monday discretionary 
liquidity traders stay on Monday, are (1, 0, 2, 0, 2), (1, 0, 1, 2, 1), and 
(1, 0, 1, 1, 2). All of these trading patterns require X2 > (OU c 

+ on)1/2, which limits their viability as equilibria. First, we provide 
bounds on o2 beyond which these trading patterns are not equilibria. 
For trading pattern (1, 0, 2, 0, 2) the first-order condition requires X2 
- X3(1 + A2 /2)2. If U2 > 6 a2 then, because A2 ?< a 2 we obtain 

X2 <X3(1 + CIE2)< 
E 7() 

= 1.36112 < \ + (A25) 

so Monday's discretionary liquidity traders will want to postpone their 
trades. Hence, (1, 0, 2, 0, 2) is not an equilibrium for o2 > 6<U2 The 
similar bound for trading pattern (1, 0, 1, 2, 1) is 7U2 and for trading 
pattern (1, 0, 1, 1, 2) the bound is 1Eo-. 

Second, we prove that these trading patterns, when they are equi- 
libria, are dominated by trading patterns (0, 1, 2, O, 2), (0, 1, 1, 2, 1), 
and (0, 1, 1, 1, 2). We show that trading pattern (1, 0, 2, 0, 2) is 
dominated by (0, 1, 2, 0, 2); the proof for the other two trading patterns 
is similar [we use - to denote the parameter values for trading pattern 
(0, 1, 2, 0, 2)]. When o2 < 6 2 < 3< 2. Consequently, 2 < (y/3a)/ 
(oa + on)1/2 = <2, So X3 < X3- It is easy to verify that when (1, 0, 
2, 0, 2) is an equilibrium and X2 < (V3UE/(U2 + U2)1/2, then (0, 1, 
2, 0, 2) is an equilibrium. Hence, (1, 0, 2, 0, 2) is dominated up to 
6U 2 
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We prove that Monday has the lowest trading costs for pattern (0, 
1, 2, 0, 2). Because XA > X2 > X3 and X4 > X5, it suffices to prove that 
Xl > X4. Assume the opposite. If X, < X4, then A1 > A4 + 2C2 and X5 
> X2 > X3 from the first-order conditions. In fact, the first-order con- 
dition yields 

5 > 
or + A4 

y ) (A26) 
X2 or2 A 

Using X5 <&a(a2C + C2n) /2 and simplifying yields 
2 

X2 
or + A4 +2) < + aE (A27) 

or(2 +A4 (a+a2 

Substituting for 2 yields 
4 

(z2 - +A4 + 2a < a2 (A28) 

> 3 implies A2 < 4 < < 2. Using this yields 

2 
- it > (2a2 + AJ ) a * (A29) IE 

a2 + 2C2+ 

Substituting this into Equation (A28) gives a contradiction. For the 
other five trading patterns, it is simple to prove that trading costs are 
highest on Monday. o 

Proof of Theorem 8 
The instantaneous informed trader volume has expectation equal to 
(2/V2)oa,d,t, where 

i;d,t VEp[{3d,t(vd Pd,t)} ] dt 

d ,t2d,t dt 

= df tt(d, t) 16 dt 

Xd d 

[(rd 
- Ad)(1 - t) + Ad]? 2 

[Id - Ad] d dt (A30) 
[(rd - Ad)(1 - t) + Ad]? dt (3 

If liquidity orders on day d are less than that on day d + 1, then 
Ad > 0. The first-order condition of discretionary liquidity traders 
yields 
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- Ad d+ 1 - Ad+l A4 
2 t2 (1+- 

dd+ 12 lyl1+2 

Ad 2 4d1(1+2 

- wd _~ Yd 1 + -j zd+l f 2 \ 2 

or2 or d+ 1 

24 

-AdA 2 
d d a 21m 

d+ 1 

Ad?l Ad ~2 Ad 
informedolumeon ayd+, invarit to c e i(A31) 

2;d+l Ad+l T r21 
2)or 

Because Ad+l1 /;d+ 1 < 1, ;d/;d+ 1 K Ad/Ad+1 . With U2 < U2 Equation 
(A30) yields that the informed volume on day d, time t is lower than 
that on day d + 1, time t + 1. 

To prove the converse, note that U2 > U2+ means Ad= 0, so the 
informed volume on day d is invariant to changes in oj . The informed 
volume on day d + 1 is lower than when U2 = O, because Ad+l > 0- 

At U 2 = O, the informed volume on day d is higher, which completes 
the proof. o 
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